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THE ff^-NORM OF TUBULAR NEIGHBOURHOODS OF CURVES 

Yves van Gennip 1 and Mark A. Peletier 2 

Abstract. We study the ff~ 1 -norm of the function 1 on tubular neighbourhoods of 
curves in R 2 . We take the limit of small thickness e, and we prove two different asymp- 
totic results. The first is an asymptotic development for a fixed curve in the limit e — » 0, 
containing contributions from the length of the curve (at order e 3 ), the ends (e 4 ), and 
the curvature (e 5 ). 

The second result is a F-convergence result, in which the central curve may vary 
along the sequence e — > 0. We prove that a rescaled version of the i/ _1 -norm, which 
focuses on the e 5 curvature term, T-converges to the L 2 -norm of curvature. In addition, 
sequences along which the rescaled norm is bounded are compact in the W^ 1,2 -toporogy. 

Our main tools are the maximum principle for elliptic equations and the use of ap- 
propriate trial functions in the variational characterisation of the ff^-norm. For the 
T-convergence result we use the theory of systems of curves without transverse crossings 
to handle potential intersections in the limit. 

Resume. Nous etudions la norme H~ x de la fonction 1 sur des domaines minces 
dans R 2 . Nous considerons des suites de voisinages tubulaires de courbes planes. Nous 
demontrons deux caracterisations asymptotiques de cette norme dans la limite de petite 
largeur e. 

Le premier resultat est un developpement asymptotique pour les £-voisinages tubu- 
laires d'une courbe fixe. Dans ce developpement apparaissent des termes provenant de 
la longueur de la courbe (a l'ordre e 3 ), des extremites (e 4 ) et de la courbure (e 5 ). 

Le deuxieme resultat concerne des suites d'e- voisinages de courbes, dans le cas ou 
les courbes peuvent varier le long de la suite. Nous demontrons que la norme H^ 1 F- 
converge vers la norme L 2 de la courbure. Cette F-convergence a lieu par rapport a la 
topologie W 1 ' 2 , et une suite dont la norme renormalisee est bornee est compacte dans 
cette topologie. 

Les preuves font appel au principe du maximum pour les equations elliptiques et a 
une caracterisation variationnelle de la norme H- 1 . Pour la T-convergence, la theorie 
de systemes de courbes sans intersections transverses permet de traiter les intersections 
dans la limite. 
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1. Introduction 

In this paper we study the set function F : 2 R " — > R, 



F(fi) 



ff-!(n) 



sup 



|y [2«- |Vw| 2 ] dx : u g C c °°(ft) 



More specifically, we are interested in the value of F on e-tubular neighbourhoods T £ j of a curve 7, 
i.e. on the set of points strictly within a distance e of 7. 

The aim of this paper is to explore the connection between the geometry of a curve 7 and the 
values of F on the e-tubular neighbourhood T e 7. Our first main result is the following asymptotic 
development. If 7 is a smooth open curve, then 



I 2 



'(Tel) 



J %) + 2ae 4 



45 



k 2 + 0{e 6 ) 



as e 



0. 



(1) 



Here £(7) is the length of 7, a > is a constant independent of 7, and k is the curvature of 7. 
The ! 2' that multiplies a in the formula above is actually the number of end points of 7; for a 
closed curve the formula holds without this term. Under some technical restrictions ([1]) is proved 
in Theorem 16. II 

The expansion ((T|) suggests that for closed curves the rescaled functional 



resembles the elastica functional 



Go (7) 



\H-i(T el ) 



2 

45 



With our second main result we convert this suggestion into a T-convcrgcncc result, and supple- 
ment it with a statement of compactness. Before we describe this second result in more detail, we 
first explain the origin and relevance of this problem. 

1.1. Motivation 

The i? _1 -norm of a set or a function appears naturally in a number of applications, such as 
electrostatic interaction or gravitational collapse. The case of tubular neighbourhoods and the 
relationship with geometry are more specific. We mention two different origins. 

The discussion of the connection between the geometry of a domain and the eigenvalues of the 
Laplacian goes back at least to H. A. Lorentz' Wolfskehl lecture in 1910, and has been popularized 
by Kac's and Bers' famous question 'can one hear the shape of a drum?' [11]. The first eigenvalue 
of the Laplacian with Dirichlet boundary conditions is actually strongly connected to the H^ 1 - 
norm. This relation can be best appreciated when writing the definition of the first eigenvalue 
under Dirichlet boundary conditions as 



A (fi) = inf 



|Vu| 2 

2 : u g C c °°(fi) 

u 2 

n 



} ■ 



(2) 



and the H ^norm as 



(3) 
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Sidorova and Wittich [13] investigate the e- and 7-dependence of Ao(T e 7). As in the case of the 
i? _1 -norm, the highest-order behaviour of Xq{T £ ^) is dominated by the short length scale e alone; 
the correction, at an order e 2 higher, depends on the square curvature. The signs of the two 
correction terms are different, however: while the curvature correction in HlH^-i (the third term 
on the right-hand side of |T])) comes with a positive sign, this correction carries a negative sign in 
the development of Ao. 

This sign difference can also be understood from the difference between ^ and (J3])- Assume 
that for a closed curve the supremum in ^ is attained by u. The development in JT]) states that for 
small e, (J T u) 2 / J T |Vu| 2 « e 3 Ci(l + £ 2 C2), for two positive constants C\ and C2 that depend 
only on the curve. Inverting the ratio, we find that J T |Vu| 2 /(/ T ^u) 2 « e~ 3 C 1 _1 (l — e 2 C*2). 
If we disregard the distinction between J u 2 and (J u) 2 , then this argument explains why the 
curvature correction enters with different signs. 

The question that originally sparked this investigation was that of partial localisation. Partial 
localisation is a property of certain pattern-forming systems. The term 'localisation' refers to 
structures — e.g. local or global energy minimiscrs — with limited spatial extent. 'Partial localisa- 
tion' refers to a specific subclass of structures, which are localised in some directions and extended 
in others. Most systems tend to either localise in all directions, such as in graviational collapse, 
or to delocalise and spread in all directions, as in diffusion. Stable partial localisation is therefore 
a relatively rare phenomenon, and only a few systems are known to exhibit it [4,5,7,8,12] 

In two dimensions, partially localised structures appear as fattened curves, or when their bound- 
aries are sharp, as tubular neigbourhoods. Previous work of the authors suggests that various 
energy functionals all involving the if _1 -norm might exhibit such partial localisation, and some 
existence and stability results are already available [7,8]. On the other hand the partially localis- 
ing property of these functionals without restrictions on geometry is currently only conjectured, 
not proven. The work of this paper can be read as an intermediate step, in which the geometry 
is partially fixed, by imposing the structure of a tubular neighbourhood, and partially free, by 
allowing the curve 7 to vary. 

The freedom of variation in 7 gives rise to questions that go further than a simple asymptotic 
development in e for fixed 7. A common choice in this situation is the concept of T-convergence; 
this concept of convergence of functionals implies convergence of minimisers to minimisers, and is 
well suited for asymptotic analysis of variational problems. For this reason our second main result 
is on the T-convergence of the functional G e . 

Before we state this result in full, we first comment on curvature and regularity, and we then 
introduce the concept of systems of curves. 

1.2. Curvature and regularity 

In this paper we only consider the case in which the tubular neighbourhoods are regular, in the 
following sense, at least for sufficiently small e: for each x G T e j there exists a unique point x G (7) 
of minimal distance to x, where (7) C K 2 is the trace or image of the curve 7. An equivalent 
formulation of this property is given in terms of an upper bound on the global radius of curvature 
of 7: 

Definition 1.1 ( [9]). If x,y,z G (7) arc pairwise disjoint and not collincar, let r(x,y,z) be the 
radius of the unique circle in R 2 through x, y, and z (and let r(x, y, z) — 00 otherwise). The global 
radius of curvature of 7 is defined as 

p(~f) := inf r(x,y,z). 

Since the 'local' curvature k is bounded by l/p("f), finitcness of the global curvature implies 
W 2 ' 00 -regularity of the curve. More specifically, regularity of the e-tubular neighbourhood T e j is 
equivalent to the statement p(j) > s. 
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1.3. Systems of curves 

Neither compactness nor T-convergence of G £ is expected to hold for simple, smooth closed 
curves, where 'simple' means 'non-self-intersecting'. One reason is that a perfectly reasonable 
sequence of simple smooth closed curves may converge to a non-simple curve, as shown in Figure fTal 
Nothing in the energy G e will prevent this; therefore we need to consider a generalisation of the 




(a) Curve with locally multiplicity 2, 
limit of a sequence of single smooth 
simple curves 




(b) This curve is not a limit of single simple 
curves, but can be obtained as the limit of a 
sequence of pairs of simple curves 



Figure 1: Two curves with locally multiplicity 2. 



concept of a simple closed curve. 

The work of Bellettini and Mugnai [2,3] provides the appropriate concept. Leaving aside issues 
of regularity for the moment (the full definition is given in Section |3]) , a system of curves without 
transverse crossings r is a finite collection of curves, J" = {7^}™ 1: with the restriction that 

7*0) = Jj{t) for some s, t =► 7 ?(s) || j' 3 (t). 

In words: intersections are allowed, but only if they are tangent. Continuing the convention for 
curves, we write (T) for the trace of T, i.e. (T) := U™ 1 (7i) C K 2 . The multiplicity 9 of any point 
x G (r) is given by 

9(x) :=#{(i, s ): 7i (s)=x}. 
Figure [Talis covered by this definition, by letting r consist of a single curve 7, and where 9 equals 
2 on the intersection region and 1 on the rest of the curve. 

Figure llbl is an example of a system of curves without transverse crossings which can be repre- 
sented by either one or two curves 7. This example motivates the introduction of an equivalence 
relationship on the collection of such systems. Two systems of curves r 1 and r 2 are called equiv- 
alent if (r 1 ) = (r 2 ) and 9 1 = 9 2 ; this relationship gives rise to equivalence classes of such systems 
of curves without transverse crossings. 

This leads to the definition of the sets SC 1,2 and SC 2 2 , whose elements are equivalence classes 
of systems of curves, for which each curve is of regularity W 1,2 or W 2,2 . All admissible objects will 
actually be elements of SC 2 ' 2 ] the main use of SC 12 is to provide the right concept of convergence 
in which to formulate the compactness and T-convergence below. Where necessary, we write [r] 
for the equivalence class (the element of SC k ' 2 ) containing r; where possible, we simply write r 
to alleviate notation. 

1.4. Compactness and T-convergence 

With this preparation we can state the second main result of this paper. The discussion above 
motivates changing the definition of the functionals G £ and Go defined earlier to incorporate 
conditions on global curvature and to allow for systems of curves. Note that in this section we 
only consider systems of closed curves. 
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Define the functional Q e : 5C 1 ' 2 -»1U {00} by 

Qe{r) -.- 



^WMIh-ht n ~ f £ ~ 2 ^( r ) iir e sc2 ' 2 and p( f ) ^ £ 



(T e r) 3 

+00 otherwise, 



and let G : SC 1 ' 2 -> [0, 00] be defined by 



45 i= 



m « 

£*( 7i ) / «? if re So, 

00 otherwise, 



where _T = {7^}™ 1 and is the curvature of 7 j, and where the admissible set So is given by 

So ■= |.T G SC 2 ' 2 : t(r) < 00 and f has no transverse crossings j. 

The values of Q e {r) and Qo{r) are independent of the choice of representative (sec Remark |3.1|) . 
so that £ e and Qo are well-defined on equivalence classes. 

We have compactness of energy-bounded sequences, provided they have bounded length and 
remain inside a fixed bounded set: 

Theorem 1.2. Let e n j 0, and let {-T™} n >i C SC 2 ' 2 be a sequence such that 

• There exists R > such that (r n ) C B(0, R) for all n; 

• sup n £(r n ) < 00; 

. su Pn g E jr n ) <oo. 

Then T n converges along a subsequence to a limit T e So in the convergence of SC 1 ' 2 . 

The concept of convergence in SC 1,2 is defined in Section [3] In addition to this compactness 
result, the functional Qo is the T- limit of Q e : 

Theorem 1.3. Let e n J. 0. 

(1) If r„ G SC 1,2 converges to T G SC 1,2 in the convergence of SC 1,2 , then Qo(r) < 
liminf 5 £n (r"). 

(2) If r € SC 1,2 , then there is a sequence {T n } n >i C SC 1,2 converging to T in the conver- 
gence of convergence of SC 1,2 for which Qo{r) > fimsup^e^-T"). 

n — ^00 

1.5. Discussion 

1.5.1. Hutchinson varifolds 

There is a close relationship between the systems of curves of Bellcttini & Mugnai and a class 
of varifolds. To a system of curves T := {7i}™ 1 we can associate a measure fir via 

\ ipdnr=Y] / (p('ji{s))\'y' i (s)\ds, 

JR2 . =1 J 1 

for all ip G C C (R 2 ). By [3, Remark 3.9, Proposition 4.7, Corollary 4.10] T is a t¥ 2 ' 2 -system of 
curves without transverse crossings if and only if fir is a Hutchinson varifold (also called curvature 
varifold) with weak mean curvature H G L 2 (fir), such that a unique tangent line exists in every 
x G (T). Two systems of curves are mapped to the same varifold if and only if they arc equivalent, 
a property which underlines that the appropriate object of study is the equivalence class rather 
than the system itself. 

The compactness result for integral varifolds ( [1, Theorem 6.4], [10, Theorem 3.1]) can be 
extended to a result for Hutchinson varifolds under stricter conditions which imply a uniform 
control on the second fundamental form along the sequence ( [10, Theorem 5.3.2]). In our case we 
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do not have such a control on the curvature, since the bound on the global radius of curvature, 
p(r) > £ vanishes in the limit e — > 0. Therefore the compactness result of Theorem 11.21 covers a 
situation not treated by Hutchinson's result. 

1.5.2. Extensions 

The current work opens the way for many extensions that can serve as the subject of future 
inquiries. One such is the proof of a T-convergence result that also takes open curves into account. 
Expansion |T]) suggests two possible functional for study: 

^(lIllHr-ipiD-l^). 
which is expected to approximate 

2n(r)a, 

where n(r) is the number of open curves in F; the second functional is 

e~ 5 (\\l\\ 2 H -, {Tcr) ~\eH{r)-2n{r)as^ 
which we again expect to approximate 

!!>.)/«?. 

The theory used in this paper to prove T-convergence is not adequately equipped to deal with open 
curves. For example, the notion of systems of curves includes only closed curves. An extension is 
needed to deal with the open curves. 

Another, perhaps more approachable, question concerns the relation between ||l||j J ._ 1 ^ T s and 
||XT e 7llj7-i(R2), where xt„7 is the characteristic function of the set T £ j. The latter expression 
is closer to what one can find in many applications, like the previously mentioned systems that 
exhibit partial localisation (Section [ITT]) . 

Other extensions that bridge the gap between the current results and those applications a bit 
further arc the study of ||l||jy-i(n) on neighbourhoods of curves that have a variable thickness or 
research into the J? _1 -norm of more general functions, ||/||| J -_ 1 / T ». 

1.6. Structure of the paper 

We start out in Section[5]with a formal calculation for closed curves which serves as a motivation 
for the results in Theorems 11.21 and 11.31 In Section [3] we give the definitions of system of curves 
and various related concepts. In our computations we use a parametrisation of the T e j which is 
specified in Section|4j Section[5]is then devoted to the proof of the compactness and T-convergence 
results (Theorems 11.21 and II. 3p . In Section [6] we state and prove the asymptotic development ([TJ 
for open curves (Theorem 16. 1|) . 

2. A FORMAL CALCULATION 

We now give some formal arguments to motivate the statements of our main results for closed 
curves, and also to illustrate some of the technical difficulties. In this description we restrict 
ourselves to a single, simple, smooth, closed curve 7. 

Since the definition of Q e implies that the global radius of curvature p(j) is bounded from below 
by e, we can parametrise T e 7 in the obvious manner. We choose one coordinate, s £ [0, 1], along 
the curve and the other, t £ [—1,1], in the direction of the normal to the curve. As we show in 
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Lemma l4.1i this parametrisation leads to the following characterisation of the H -norm: 



UWh-ht^) = su p 




2f(a,t)ee(i)(l-etK{s)) 



(1 - EtK(8))l(i) 



(f,tr(s,t)(--tK(s))e( 1 )\dtds}, 



(4) 



where the suprcmum is taken over functions / £ W 1 ' 2 that satisfy f(s, ±1) 
and , t denote differentiation with respect to s and t. 
The corresponding Euler-Lagrange equation is 



0, and subscripts , s 



^(7)(l -etn(s)) 



/,-(*,*) 



(5) 



i(i-etK(«))/(7) y 

Formally we solve this equation by using an asymptotic expansion 

f(s,t) = f (s,t) + e/i(s,t) +£ 2 / 2 (s,t) + e 3 /s(M) + £ 4 / 4 (M) + ... 

as Ansatz. The boundary condition /(s, ±1) = should be satisfied for each order of e separately. 
Substituting this into (O and collecting terms of the same order in e we find for the first five 
orders 



/(>,«(*, *) = 

A,tt(M) = o 



/o(M) = 0, 
A(M)=0, 



/2,it(s,t) 
/3,it(s,t) 
/4,it(s,t) 



= -1 



/a(*,t) 



-tK,(s) 

-|« 2 ( S )(9 £ 2 - 1) 



/ 3 (M) = -te( S )(l-t 2 ), 
6 

/ 4 ( s ,i) = l K 2 ( s )(- 3i 4 + 2t 2 



I)- 



(6) 



Note that this Ansatz is reasonable only for closed curves, since the ends of a tubular neigh- 
bourhood have different behaviour. These orders suffice to compute the if -1 -norm up to order 

r 5. 



|l|lH-i(n.) = ^(7)e 3 + ^(7) / « 2 + 0(e 6 ) 



as e 



0. 



(7) 



For a ^a;ec? curve 7 € W 2,2 , this expansion can be made rigorous. Theorem 16.11 proves an 
extended version |T]) of this development, in which ends are taken into account. 

For a sequence of varying curves j n , on the other hand, the explicit dependence of /a on k in 
this calculation is a complicating factor. Even if a sequence 7„ converges strongly in W 2 ' 2 — and 
that is a very strong requirement — then the associated curvatures K n converge in L 2 . There is no 
reason for the derivatives «4(s) to remain bounded in L 2 , and the same is true for the derivatives 
fn3,s- Therefore the second term under the integral in ((3]), which is formally of order 0(e 6 ), may 
turn out to be larger, and therefore interfere with the other orders. In Theorems 11.21 and II .31 this 
problem is addressed by introducing a regularized version of k in the definition of f^. 

The formal calculation we did in this section suggests that we need information about the 
optimal function / in ((4]) up to a level e 4 . However, as we will see, for the proof of the lower 
bound part of Theorem ll.3l (part 1) it suffices to use information up to order e 3 , (fl8|) . The reason 
why becomes apparent if we look in more detail at the calculation that led to the formal expansion 
in l|T]). The contributions to this expansion involving fi are given by 



2*(7) 



'0 J -1 



fi{s,i) ~ f2,t{s,t)fi ! t{s,t)) dtds 



7^(7k 

■10 J-l 



-15t 4 + 6t 2 + l)dtds = 
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This means that replacing fi by fa = does not change the expansion up to order e 5 given in ([7]) . 
It is an interesting question to ponder whether this is a peculiarity of the specific function under 
investigation or a symptom of a more generally valid property. 

Note that for the proof of the upper bound statement of Theorem 11.31 (part 2) we do need a 
trial function that has terms up to order e 4 , (|37p . 

3. Systems of closed curves 

From now on we aim for rigour. The first task is to carefully define systems of curves, their 
equivalence classes, and notions of convergence. We only consider closed curves, and systems of 
closed curves, and therefore we use the unit torus T = H./Z as the common domain of parametri- 
sation. 

Let T(j) be disjoint copies of T and let 

JjT (i) :=|J{0M):seT (i) } 

i i 

m 

denote their disjoint union. A W 1,2 -system of curves is a map r : ]JT(j) — > R 2 given by 

i=l 

r(s,i) = 7i(s), 

where ra£N and, for all 1 < i < m, ji € W 1,2 (T;R 2 ) is a closed curve parametrised proportional 
to arc length (i.e. |t^| is constant). The number of curves in r is defined as := m. We denote 
such a system by 

r = H}™ 1 - 

Analogously we define a W 2 ' 2 -system of curves. 

A system r is called disjoint if for all i ^ j, (%) n (7^) = 0. A FT 2 ' 2 -system of curves is said to 
be without transverse crossings if for all i, j 6 {1, . . . , m} and all si, S2 € T, 

7i(»0 = 7i(*a) l'i(si) = ±7-( s 2). (8) 
The length of a curve 7 and of a system of curves J 1 is 

%):= / IVI and «(r):=V%), 

^ <=i 

The global radius of curvature of a system of curves J" is 

p(r) := inf r(x,y,z), 
x, y ,ze(r) 

where r(x, y, z) is the radius of the unique circle in IR 2 through x, y, and z if x, y, z £ (F) are 
pairwise disjoint and not collinear and r(x,y, z) = oo otherwise, analogous to Definition I l.H The 
e-tubular neighbourhood of r is the set T e T, 

T s r:= |J B(x,e), 
xe(r) 

where B(x, e) denotes the open ball with center x and radius e. 

Let {r n }^ =1 be a sequence of T^ fc ' 2 -systems of curves, k = 1,2. We write f™ = {7 i "}-™ 1 and 
say r n converges to J 1 m W k ' 2 for a Ty fe ' 2 -system of curves r — {7i}^ =1 if for n large enough 
#F" = #r and for all 1 < i < m, 7" — » 7i in VF fe ' 2 (T; R 2 ) asn^oo (after reordering). We write 
r n -> r in VF fc < 2 . 
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The density function 9p ■ (-T) — > N U {+00} of a system of curves r is defined as 

9 r {z) :=7f{{r-\z)}). 

Let r and P be two W 2 ' 2 -systems of curves. We say that r and T are equivalent, denoted 
by F ~ F, if (r) = (r) and Op — Op everywhere. We denote the set of equivalence classes of 
W k ' 2 -systems of curves, k £ {1,2}, by SC k ' 2 . Where necessary we explicitly write [r] for the 
equivalence class that contains J 1 ; where possible we will simply write r for both the system of 
curves and for its equivalence class. 

Let {[r n ]}» =11 [r] C SC k ' 2 , k £ {1,2}. We say that [r n ] converges to [r] in SC k ' 2 if there 
exist r n £ [r n ] and f £ [r] such that T" -> f in VK fc ' 2 in the sense defined above. We denote 
this convergence by [r n ] — > [r] in SC k ' 2 . 

Remark 3.1. Note that if f £ [J 1 ], then (P) = (f), so that the definition ([r]) := (r) is 
independent of the choice of representative. Similarly the length £(-T), the curvature K, the global 
radius of curvature p(r), the tubular neighbourhood T e T, the functional Q e , and the property of 
having no transverse crossings are all well-defined on equivalence classes. The same is also true 
for the functional C?o; this is proved in [2, Lemma 3.9]. 

Remark 3.2. If 7 £ W k,2 (T;M. 2 ), k = 1,2, is a curve parametrised proportional to arc length, 
then it follows that 

[V| =£(7) (a.c. if k = l). 

We also introduce some elementary geometric notation. Let 7 £ W 2 ' 2 (T;M 2 ) be a curve 
parametrised proportional to arc length. We choose the normal to the curve at j(s) to be 

u{8) ■.= livoor 1 ^) = ^t)- 1 ^), 

where R is the anticlockwise rotation matrix given by 




The curvature k : T — > R satisfies 

j"(s) = k( S )£( 7 )Ms). (9) 

We have 

\v\ = 1, v = k£(^)Rv, 
7' x v = £(7), v' x v — — k£(7), 

where x denotes the cross product in R 2 : 

x xy := x%y 2 - XiVi = (Rx) ■ y, for x, y £ R 2 . 
It is well known that integrating the curvature of a closed curve gives 

£(7) / k = - I v' xv = ±2tt, (10) 

depending on the direction of parametrisation. Without loss of generality we adopt a parametri- 
sation convention which gives the +-sign in the integration above, and which could be described 
as 'counterclockwise'. The integral of the squared curvature can be expressed as 



k 2 =£( 7 ) f k(s) 2 ds = £( 7 )- 3 f | 7 "(s)| 2 ds. 
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4. Parametrising the tubular neighbourhood 

By density we have 



\\n 2 H- H T sl) = SU P\J T ( 2 ^) - l V ^)| 2 ) dx : <j> 6 <' (T e7 ) j , 
and the supremum is achieved when <f> equals ip £ C°°(T e 7) D C(T £ j), the solution of 



— A(/3 = 1 in T e 7, 
(p = on <9T £7 . 



(11) 



In that case we also have 



111 



|V(/?(»| 2 dx 



Tel 



In the proof of our main result, Theorem 11.31 we use a reparametrisation of the e-tubular 
neighbourhood of a simple iy 2,2 -closed curve. For easy reference we introduce it here in a separate 
lemma. 

Lemma 4.1. Let e > and let 7 S W 2,2 (T;M. 2 ) be a closed curve parametrised proportional to 
arc length, and such that p(j) > e. If we define ^ e £ W 1,2 (T x (—1, l);T e 7) by 



$ e (s,t) := 1 (s)+stu(s), 



(12) 



then ty £ is a bijection. 

Let g £ W 1 ' 2 (T e7 ) and define f := g o * £ . Then 



Tel 



(2g(x)-\Vg(x)\ 2 ) dx = X s (f), 



where 



X £ {f) := jT 1 J * (2/(8, t)^( 7 ) (1 - - TJ 1 ^^' <} 



))%) 



(/,t) a (*>*) --*«(«) U( 7 ) dtds 



The paramctrisation of T e j from Lemma 14.11 is illustrated in Figure 




Figure 2: A closed curve with an e-tubular neighbourhood. Explicitly shown are normal v(s) and 
tangent 7 '(s) at 7 (s) and the points 7 (s) ± ev{s) 
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Proof of Lemma \4-1\ We first show that f £ : Tx (-1,1) -» T e 7 is a bijection. Starting with 
surjectivity, we fix x £ T e j; by the discussion in Section \T?2l there exists a unique s£T such that 
j{s) is the point of minimal distance to x among all points in (7). The line segment connecting 
x and 7(s) necessarily intersects (7) perpendicularly and thus there exists a t £ (— 1, 1) such that 

X = V s (s,t). 

We prove injectivity by contradiction. Assume there exist (s, t), (s,t) € T x ( — 1, 1) and x G T 6 7, 
such that (s, t) ^ (5, i) and ^(s, i) = ^ £ (s,t) = x. If s = s, then t ^ t, which contradicts 
^ £ (s, t) = x &e(s, t), so we assume now that s ^ s. Also without loss of generality we take t < t < 1. 
We compute 

7(«)-7(*)=<M*)-*K5))- (13) 
Let r(7(s), 7(s), z) be as in Definition 11.11 and let 8 be the angle between 7(5) — j(s) and 7'(s). 
By [9, Equation 3] if we take the limit z — > j(s) along the curve we find 

, M , » |7W- 7(5)1 ^(7)l7(S)-7(^)| 2 

r(7(s),7(s),7(s)) = 



2|sin#| 2| 7 '(s) x ( 7 (s)-7( S ))| 

£ 2 ^( 7 )|^(S) - <^(s)| 2 _ £ < 2 + P - 2Uv{s) ■ v{s) 



2e|7'(s) x (tu(s) ~ tv(s))\ 2\tv{s) ■ v{s) - t\ 

Note that tv{s) ■ v(s) < t <t and 

P + P - 2ttv{s) ■ v(s) - 2(t - tv{s) ■ v(s)) = 2(t - tv{s) ■ v(s))(t - 1) + P - P < 0, 

from which we conclude that r(7(s), 7(s), 7(s)) < £ which contradicts p(j) > £. Therefore, ^> e is 
injective and thus a bijection. 
We compute 

V/ T = (V.go* e ) T J D* £ , 
where D^ £ is the derivative matrix of ^> £ in the (s, t)-coordinates. It follows that 

|V.g| 2 o # e = V/ T L>* f T 1 L>*7 T V/, 

where - _T denotes the inverse of the transpose of a matrix. Direct computation yields 



j[(s) - £t{~l)tK{s)v 2 (s) £V X {s) 

72 (s) + et{i)tK,(s)vi(s) ev 2 {s) 



and det IM^s, t) = s£(j) (1 — £<k(s)). Since ||k||l°°(t) < £ 1 we have det D^ E (s, t) ^ almost 
everywhere. Then 



z^y 2 {1 - stK{s)y 2 

£~ 2 



(D* e )- 1 (s,t)(D* s )- T (s,t) = 
and we compute 

(2g(x)-\Wg(x)\ 2 ) dx 

Tel 

( 2f(s, t) - (/ '* )2(M) a - MM) I dot D* E ( S) t) I dt ds, 

V £(7) 2 (i-^)) 2 £2 / 

which gives the desired result. □ 

The previous lemma gives us all the information to compute the if -norm of 1 on a tubular 
neighbourhood: 
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Corollary 4.2. Let 7 e W 2 ' 2 (T;R 2 ) be a closed curve parametrised proportional to arc length 
with p("f) > e. Furthermore let if? £ ,X s be as in Lemma \J^.l\ Define 

A := {/ G W 1 - 2 (T x [-1, 1]) : / o V- 1 e W 1 ^ 2 (T £7 )} . (14) 



Then 



l||^- 1(Tt7 )= sup {*,(/) :/e.A £ }. (15) 



5. Proof of Theorem 11.21 and the lower bound part of Theorem 11.31 

5.1. Reduction to single curves 

Let us first make a general remark. If Q e {r) is finite, then p(r) > e, and therefore the e-tubular 
neighbourhoods of two distinct curves in r do not intersect. Therefore writing r = {7n}™ = i; we 
can decompose Q £ {r) as 

m 

&(r) = £>(7n)- (16) 

n=l 

A similar property also holds for Qq if _T G So, as follows directly from the definition: 

in 

G (r) = J2Go(ln). (17) 
n=l 

5.2. Trial function 

The central tool in the proof of compactness (Theorem |1.2|) and the lower bound inequality 
(part [T] of Theorem 1 1.3|) is the use of a specific choice of / in X e {f). For a given 7 £ VT 2,2 (T, M 2 ). 
this trial function is of the form 

f £ (s,t) = ^(l-t 2 )+e 3 R e (s)<:(t). (18) 

Here R e is an e-dependent approximation of k which we specify in a moment, and C S C^(— 1, 1) 
is a fixed, nonzero, odd function satisfying 

1 rl 

C 2 (t)dt= / tC(t)(Zt. (19) 
-1 J-i 

In the final stage of the proof ( will be chosen to be an approximation of the function t(l — t 2 )/6. 
Note that this choice for / can be seen as an approximation of the first two non-zero terms in the 
asymptotic development ([6]). As explained at the end of Section [2] this suffices and we do not need 
a term of order e 4 in /. 

When used in X e , the even and odd symmetry properties in t of the two terms in f 6 cause 
various terms to cancel. The result is 

||l||!r- I( T. 7 ) > We) = l^il) + BsHW J{2k(8)k s (8) - k 2 (s) - e 2 C £ (s)hf(s)} ds, 

where 

B:= J C l2 {t)dt = J t({t)dt 7 (20) 

<5 g W :=5-M7)- 2 f e f dt, 
J-i (1 -etK(s)) 
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The definition of C e shows why £ is chosen with compact support in (—1, 1). By the uniform bound 
||ft||oc < the denominator 1 — etn(s) is uniformly bounded away from zero, independently of 
the curve 7. Therefore l(^) 2 C e is bounded from above and away from zero independently of 7. 

It will be convenient to replace the s-dependent coefficient C e by a constant coefficient. For 
that reason we introduce 

C e := supC^s), 

sGT 

which is finite for fixed e and 7. With this we have 

||l||ff- 1(Te7 ) > \^{i) + Be 5 £( 7 ) J^{2K( s )R e ( s ) - R 2 (s) - e 2 C e R l2 (s)) ds. 

This expression suggests a specific choice for R e : choose R £ such as to maximize the expression on 
the right-hand side. The Euler-Lagrangc equation for this maximization reads 

- e 2 C e R"(s) + R e (s) = k(s) fora.c. s e T, (21) 

from which the regularity R e € W 2 ' 2 (T) can be directly deduced; this regularity is sufficient to 
guarantee f e o vjfj 1 e W ' (T £ ^), so that the resulting function f e is admissible in A e (see ([H])). 
The resulting maximal value provides the inequality 

I|1|&- 1( t e7 ) > le 3 i^) + Be 5 i^) ^{R 2 £ (s)+e 2 C e R' 2 (s)}d S . (22) 

5.3. Step 1: fixed number of curves 

We now place ourselves in the context of Theorem 11.21 Let e n — > and {r n }^ =1 C SC 1 ' 2 be 
sequences such that Q £ri (r n ) and i(r n ) are bounded uniformly by a constant A > 0. We need 
to prove that there exists a subsequence of the sequence {r n } that converges in SC 12 to a limit 

re s . 

The first step is to limit the analysis to a fixed number of curves, which is justified by the 
following lemma. 

Lemma 5.1. There exists a constant C > depending only on A such that 

-p-, < ^(7) < C for any n E N and any 76 r n . 
Consequently #r n is bounded uniformly in n. 

Proof of Lemma \5.1\ For any n choose an arbitrary 7 G _T n ; then Q Sn (^y) < A, and therefore 
by (|2"2"j) the associated R Srl satisfies 

f -2 A 

Integrating (|2"Tj) over T and using periodicity we then find 

2, = <( 7 ) / t * = Hi) I ^ < /(7) ( / t <) V2 < ^(7) (^) , (23) 

which implies that £(7) is bounded from below; therefore any curve in any F n has its length 
bounded from below. Since £(r n ) is bounded from above, the result holds. □ 

Because of this result, we can restrict ourselves to a subsequence along which #-T™ is constant. 
We switch to this subsequence without changing notation. 

Moreover, by the discussion in Section 13721 we find that C £n is bounded uniformly in e„ and 7. 
We can therefore apply inequality (|22|) to any sequence of curves y n , corresponding to a sequence 
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e n — > 0, as in the statements of Theorems 11.21 and 11.31 In the terminology of those theorems we 
find the inequality 

lim inf g En ( 7n ) > lim inf B*( 7n ) [ ( R 2 e (s) + s 2 n C Sn R? (s) } da. (24) 

n — >oo n — >oo I 71 n J 

5.4. Step 2: single-curve analysis 

For every n, we pick an arbitrary curve 7 € I 1 ™, and for the rest of this section we label this 
curve 7„. The aim of this section is to prove appropriate compactness properties and the lower 
bound inequality for this sequence of single curves. 

In this section we associate with the sequence {7n} of curves the curvatures n n (see ©) and 
the quantities R n :— R En and C n := C Sn that were introduced in Section HT2"1 Note that by (|24l . 
the upper bound on Q Sn ("fn)j and the lower bound on £( , y n ) there exists an M > such that 

J [hl(s) + 4C„k^(s)} ds < M for all n E N. (25) 

Lemma 5.2. There exists a subsequence o/{Kn}™ = i (which we again label by n), such that 

K n — ^RinL 2 (T), (26) 

for some R 6 L 2 (T), and 

n n — ^KinH-\T). (27) 

In addition, defining 



ti n (s) := £( ln ) K n (a)da and o (s) := *(7o) / R(a) da, (28) 
Jo Jo 

we have 

ti„ — y ti inL 2 {T). 

Proof of Lemma \5.2\ By (f2"5)) . {R n }^ =1 is uniformly bounded in L 2 (T), and therefore there is a 
subsequence (which we again index by n) such that R n — R in L 2 (T) for some R in L 2 (T). 
Next let / <E C 1 (T) and compute 



«n(«)/(s) rfs = / (re„(s) - C„e 2 k"(s)) /(s) ds 

(«»(*)/(*) + C„4<(s)/'(s)) ds. (29) 
By the uniform lower bound on £(j n ) (Lemma 15. 1|) and (pj)) we have for some C > 

|^(s)/'(s)l^<||<|U 2 ( T )||/ / |U 2(T )<c e - 1 . 



Therefore the last term in (|2"9")) converges to zero and thus K n converges weakly to n in iJ : (T). 
From the definition (|28p and the convergence €(7n) — > ^(70) it then follows that ti n — 1 $0 in 
L 2 (T). □ 

We next bootstrap the weak L 2 -convergence of to strong L 2 -convergence. 
Lemma 5.3. After extracting another subsequence (again without changing notation) we have 

ti n — ► tio in L 2 (T) and pointwise a.e. 
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Proof. For the length of this proof it is more convenient to think of all functions as defined on 
[0, 1] rather than on T. Define K n £ W 1 ' 2 ^, 1) by 

K n (s) :=£(j n ) f R n (t)dt. 
Jo 

By the bound on £("f n ) in Lemma |5. II we can set for the duration of this proof ii^fn) = 1 without 
loss of generality. The boundedness of k„ = K' n in L 2 (0, 1) (see (|2"5jl ) implies that K n is compact 
in C°< Q ([0, 1]) for all < a < 1/2. By integrating ([HD from to s > we find 

0„(«) " C n e 2 n K' n (0) = K n (s) - C n e 2 n R' n (s). 

Inequality (|2"5]) also gives 

C n [ e 4 n K ,2 (s)ds<s 2 n M, 
Jo 

by which 

C„44^0 inL 2 (0,l), 

and combined with the compactness of K n in C°' Q ([0, 1]) this implies that {^„(s) — C„£ 2 «J l (0)}^°_ 1 
is compact in L 2 (0, 1). Since we already know that t? n converges weakly in L 2 (0, 1), it follows that 
(along a subsequence) the sequence of constant functions C„£ 2 k^(0) converges weakly, i.e. that 
the scalar sequence C n £ 2 S^(0) converges in K. Therefore converges strongly to $o- 

□ 

Let us write 

where </j n £ [0, 27r) is an n-dependent phase. 

We then use the uniform boundedness of 7„(0) £ B(0,R) and of <p n £ [0, 2-7r) to extract yet 
another subsequence such that 7n(0) converges to some xq £ 5(0, i?) and converges to some 
(p £ [0, 27r]. Defining the curve 70 by 

7o(0) := , and 7o (*) - %o) ( ^ « + g ) , (30) 

it follows from the strong convergence of d n in L 2 (T) that 7„ — > 70 in the strong topology of 
W^ 1,2 (T;R 2 ). 

We can now find an L 2 -bound on 7 '. 

Lemma 5.4. K^e /iaue 

||7olU 2 (T;R=) = ^(7o) 2 ||k||z,2 (t) . 

Proof. Since # = £(70)^ £ £ 2 (T), upon differentiating ([50)) we find 
so that 

||7olU 2 (T;K=) = %o)|KlU 2 (T) = ^(7o) 2 ||k||l2(T)- 

□ 
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5.5. Step 3: Returning to systems of curves 

We have shown that the sequence of single curves {"f n } satisfies 7„ — * 70 in VF 1,2 (T;R 2 ) with 
^(70) < 00 and ||7o'||l 2 (T;R 2 ) = ^(7o) 2 I^IIl 2 (T) < 00 ■ F° r future reference we note that this implies 
that 

Go(lo) - ^(7or 3 ||7oH 2 L 2 (T; R 2 ) = ^(7o)IN|£=( T ) < ^|glmmf& B (7n)- (31) 

The inequality follows from (|24|) , (|26|) , and the weak- lower semicontinuity of the L 2 -norm. 

Now we return from the sequence of single curves to the sequence of systems of curves {r n }^L^. 
Write r n := {7™}™ 1; and repeat the above arguments for each sequence of curves {7™}^i for 
fixed i separately. In this way we find a limit system T° := {7°}™ 1 such that for all i, ^(7°) < 00 
and ||(7°)"||l 2 (T;K 2 ) < °°- It is left to prove that r° has no transverse crossings. 

Lemma 5.5. i~b has no transverse crossings. 



Proof of Lemma 15.51 We prove this by contradiction. 

Assume that r° has transverse crossings. This can happen if either two different curves in 
r° intersect transversally or if one curve self-intersects transversally. First assume the former, 
i.e. assume that there exist 7°, 7° G r° and Si,S2 G T such that 7i(si) = 72(32) and 7° (si) 7^ 
±7° (S2). Without loss of generality we take S\ = s 2 = G T and 7°(0) = 0. For ease of notation 
in this proof we will identify T with the interval [—1/2, 1/2] with the endpoints identified. 

Because 7?, 7!? G C^TjR 2 ) and ^'(s!) ^ ±^2(82) there exists a 6 > such that 

if s, t G [-5, 6} satisfy 7?(s) = >y%(t), then s = t = 0. 

Define 

D := (-6,5) x (-5,6) c R 2 

and the function / G C^^DjR 2 ) by 

f(s,t) :=7i(s)-7 2 °(t)- 

We compute 

dct£/(M)=7 2 °'(i)x7i'W 

and find that 

det£>/(0,0) / 0, 

since we assumed that 7° and 7° are not parallel. Since f(s,t) = iff (s,t) = (0,0) and 
furthermore f(dD) we can use [6, Definition 1.2] to compute the topological degree of / with 
respect to D: 

d(f,D,0):= sgn(det£>/(M)) = sgn(detD/(0,0)) = ±1, 

(s^e/- 1 ^) 

where the sign depends on the direction of parametrisation of 7° and 7° . 

We know that J 1 " — » T° in PF 1 ' 2 asrn 00, so in particular for n large enough there are curves 
7" 1 72 € r ™ such that 

7l " -> 7° in C(T; R 2 ) as n -> 00, i G {1, 2}. 
If we now define /" G C X (D; R 2 ) by 

f ( S ,i) :=7?(*)-7?W, 
then we conclude by [6, Theorem 2.3 (1)] that for large enough n, 

d(f n ,D,0) = d(f,D,0)^0. 
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By [6, Theorem 2.1], d(f n , D, 0) ^ implies that there exists (so,t ) £ D such that f n {so, t ) = 
0, i.e. that 7 1 i (so) = 7a {to)- This contradicts the fact that (7™)n(72 ) = and therefore we deduce 
that F° does not contain two different curves that cross transvcrsally. 

Now assume that a single curve 7 £ r° has a transversal sclf-intcrscction. Then we can repeat 
the above argument with 7° = 7° = 7 and si 7^ S2 to deduce that there exist 7™ £ T" such that 
In ~* 7° m C"(T;R 2 ) and 7™(so) == 7 n (*o)i which contradicts the bound on the global curvature 

of r n . 

We conclude that r° has no transverse crossings. □ 
This concludes the proof of the compactness result from Theorem 11.31 

5.6. Proof of the lower bound of Theorem 11.31 

Let [r n ] — > [r] be a sequence as in part [T] of Theorem 11.31 Then by the definition of the 
convergence of equivalence classes, we can choose representatives t n £ [r n ] and r £ [r] such 
that r n — > r. We drop the tildes for notational convenience. By the definition of convergence of 
systems of curves, for n large enough r n = {7f}™ 1; i.e. the number m of curves is fixed, and 
each r n can be reordered such that 7™ — > 7$ in W 1,2 (T;R 2 ) for each i. 

Without loss of generality we assume that liminfn^oo Q £n (r n ) < 00, and that for all N, 

g SN (r N )<ummfg s jr n ) + i. 

Since W 1,2 (T; E 2 ) C ^(TjIR 2 ) and 7™ -»• 7, in iy 1 ' 2 (T;R 2 ), the traces (7™) are all contained 
in some large bounded set. Therefore Theorem 11.21 applies . and there exists a subsequence along 
which 7™ converges in VK 1:2 (T;IR 2 ) to limit curves 7°. Since limits arc unique, we have 7? = 7$. 
We then calculate by 

m „ TO o 

5o(r) = E^(^) < i^E liminf ^^) = i^ liminf ^( r ")- 

— * 45-D — ' n— »oo 45i> n— >oo 

z=l i=l 

The required liminf bound follows by remarking that by choosing C, £ C£°(— 1,1) odd, satisfy- 
ing (flU)) . and close to the function ((t) := t(l — t 2 )/Q, the number B can be chosen arbitrarily 
close to 2/45. 

This concludes the proof of part [1] of Theorem 11.31 

5.7. Proof of the limsup inequality from Theorem 11.31 

For a single, fixed, simple, smooth, closed curve 7, the formal calculation of Section [2] can be 
made rigorous. This is done in the context of open curves in Lemma l6.3[ and the argument there 
can immediately be transferred to closed curves. For such a curve therefore 

lim Qe n {l) = So(j)- 

n — >oo 

The only remaining issue is therefore to show that any r can be approximated by a system r 
consisting of smooth, disjoint, simple closed curves. This is the content of the following lemma. 

Lemma 5.6. Let r be a W 2,2 '-system of closed curves without transversal crossings. Then there 
exists a number m > 0, a sequence of systems |r ,3 '} ._ 1 , and a system t = {7fc}^Li equivalent to 
r such that the following holds: 

(1) For all j £ N the system of curves r j = {t^}?L 1 is a pairwise disjoint family of smooth 
simple closed curves; 

(2) For all 1 < k < m we have 



Tfc — * ^ k * n W^ 2 ' 2 (0j 1) as j — > 00. 



(32) 
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In particular we have [r j ] —> [r] in SC 2 ' 2 and Gq{\T^X) —* Go{\r\) as j — > oo. 

This lemma is proved in [12, Lemma 8.2]. By taking a diagonal sequence the lim sup inequality 
follows. 

6. Open curves 

The aim of this section is to prove the following theorem: 

Theorem 6.1. Let 7 e C°°([0, 1];K 2 ) satisfy 

• 7 is parametrised proportional to arclength; 

• 7 is exactly straight ( i. e. 7" = 0) on a neighbourhood of each end. 
Then there exists a constant a > (see (39\) ), independent 0/7, such that 

\\l\\ 2 H _ 1{Tei) = le 3 i( 1 ) + 2ae 4 + ^e 5 J^ 2 + 0(e e ) as e - 0. (33) 
6.1. Overview of the proof 



2a 




Figure 3: e-tubular neighbourhood of an open curve with two straight endings 



The proof of Theorem 16.11 hinges on a division of the domain into separate parts. To make this 
precise we introduce some notation. 

First we note that the squared ff -1 -norm in two dimensions scales as (length) 4 , i.e. if O C M 2 , 
then 

l|lllff- 1 (AJ2) = ^ Pllir-^n)- 
Therefore the development (|33[) is scale-invariant under a rescaling of both 7 and e by a common 
factor (i.e. a rescaling of T e 7 by this same factor); by multiplying both by ^7) _1 we can assume 
that the curve 7 has length 1. 
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Next we define the normal v and the curvature k as in Section[3l We also use the parametrisation 

# e («,t) :=7(«)+eti/(«), 

although for an open curve only covers the tubular neighbourhood without the end caps. 

We let < 2rj < 1 be a length of parametrisation corresponding to the straight end sections, 
i.e. we choose rj such that 



7"(s) = for s E [0, 277] U [1 - 2rj, 1] 



We then define 



* E ((»7,l-77) x (-1,1)). 



Note that f2_ contains the bulk of the tubular neighbourhood, and half of each of the straight 
sections near the ends. The remainder, corresponding to two end caps with the other half of the 
straight sections, is 

fl, n := T e 7 \ 0_. 

We call r = f2_ n Q,, the interface separating S!_ from See Figure [3] The statement of 

Theorem 16.11 follows from the following three lemmas. The first implies that we may cut up the 
domain T £ "f into f2_ and Cl v and consider the two domains separately. 

Lemma 6.2. Define the boundary data function libc : T ~> R by 



U hc (* E (s,t)) = -(l-t 2 ) forse{r h l-n}, t e (-1,1). 



Then 



where w_ : £7_ 



lff-i(T e7 ) 



and tijj : 



( -Au_ = 1 
u- = 
U- = u hc 



u-+ / u n + 0(e~ v/s ), ase^O, 
are solutions of 

in fL 



in 

on \ T 

on r 



f -Aur, = 1 



u n = on dfl v \ r 

u, q = Ubc on r. 



The second lemma deals with the bulk of the tubular neighbourhood. 
Lemma 6.3. We have 



J «- = \e\l - 2r?) + ^e 5 J k 2 + 0(e e ), as 



0. 



The third lemma gives an estimate of the contribution of the ends. 
Lemma 6.4. We have 

4 



L 



-rje 3 + 2ae i + 0(e _ "/ e ), as e -> 0, 



(34) 



where a > is given in \39fl . 
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6.2. Proof of Lemma 16.21 

By partial integration we have 



HI 



lH- 1 (T e 7) - 

where u : T e j — > K solves 

— Au = 1 in T e 7, u = on dT £ ^. 
We first note the useful property that there exists a constant M, independent of e, such that 

IMU-(tw) < m. 

This follows from remarking that all T 6 7 are contained in a large ball B(Q, R), and that the solution 
of 

-Av = l inB(0,i?), v = on 55(0, i?) 

is a supersolution for u, independent of e. Without loss of generality we can assume that M > 1. 
We next turn to the content of the lemma. Below we show that 



\\u- - w||i°°(n_) + IK - "IU°°(Q„) = 0(e 
from which the assertion follows, since 



(35) 



Tel 



< I \u — u- \ + ; 



< |0_| - m_||l=o (0 ) + |ft r) |||u i; - ii||ioo(n,). 

To show (|35[) we first consider an auxiliary problem, that we formulate as a lemma for future 
reference. 

Lemma 6.5. Define the rectangle 1Z and its boundary parts, 



n 

dTl x 
dTZ 2 



and let g g C°°(TZ) n C(K) satisfy 



= (-a,a) x (-6,6), 

= {(x,y)EdK:\y\=b}, 

= {(-^y) £ ^72. : M = a l 



-A.9 = on ft, 
.9 = on d1Z\, 

\g\ < 1 on dK 2 . 



Then 



\g(0,y)\ <Ae~ a ' b for all y e (-6,6). 
The proof of this lemma follows from remarking that 

cosh(a;/6) cos(zy/6) 

X{x,y) := , . , — 

cosh(a/6) cos 1 

is a supersolution for this problem, and therefore 

\g(0,y)\ < x(0,y) < 4e- Q / fc for all y e (-6,6). 
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We now apply this estimate to the straight sections at each end of 7. Assume that one of 
the straight sections coincides with the rectangle 1Z with a = 77 and b — e (this amounts to a 
translation and rotation of 7). Note that then the line segment {0} x (— e, e) is part of T. The 
function g(x,y) := ^M~ 1 [u(x,y) — \(e 2 — y 2 )\ satisfies the conditions above, and therefore 

\u(Q,y)-\{e 2 -y 2 )\ = |u(0,y) - u b c(0,tf)| = 0(e~ r ' /e ), uniformly in y e (-e, e). 
At the other end a similar estimate holds, implying that 

||«-«bc|U-(r) =o( e -"/ £ ). 



We then deduce the estimate (|35|) by applying the maximum principle to u — u_ in £7_ and to 
u — u n in . 

6.3. Proof of Lemma 16.31 

As in Section 2] we can write 

r rl—v r 1 

/ u_=e/ / u_(* e (s,t)) (1 - stK(s)) dsdt. 

Jfl- Jr; J-l 

For the length of this section we set u> := (r/, 1 — rj) X (—1, 1). Writing /_(s,i) := w_ (W £ (s, t)), we 
find 

/ (2u_ - |Vu_| 2 ) = / (2/_e(l - ei«) - V/_ • S e V/_), (36) 



where 



, x ._ ( e(l-ei«(s)) 1 \ 
{ ' J ^ e-^l-rfK^)) y ' 

By (|34p m_ satisfies the Euler-Lagrange equation corresponding to the left hand side of (|36l) . 
Therefore /_ satisfies the Euler-Lagrange equation for the right hand side: 

— div-B e V/- = e(l — etn) onui, 
/_(s,±l) = for s e (r), 1 - rj), 

/_(*, i) = ^(l - t 2 ) for ( s , t) 6 {r?, 1 - r?} x (-1, 1). 

We now define the trial function 

*) := y (1 - i 2 ) + - i 2 ) + f^ 2 ( s )(-3t 4 + 2t 2 + 1) (37) 

for which we calculate that 

divB E V(/_ -f e ) = h s inw, 
(/_-/ e )(a,±l) = 0, onduj, 

where the defect h e satisfies 

IIMl-h = 0(£ 4 )- 

Below we prove that this estimate on /i e implies that 

||/--/ e |U=(o ) ) = 0( e 5 ). (38) 

Assuming this estimate for the moment, we find the statement of the lemma by the same calculation 
as in Section [21 

f £ (s, t) (1 - et K (s)) dsdt = ^e 3 (l - 2rj) + -^e 5 f k 2 + 0(e e ), 
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and the remark that 

r.1 — /-I 



(J--f e )(a,t)(l-etK(8))d8dt 



-1 



< 4(1 - 2»7)e||/_ - fe\\m(, h i- v )x(-is))- 



To prove (|38p we set g = /_ — f e and apply Poincare's inequality in the ^-direction: 



g\s,t)dt < — / {g,tY{3,t)dt, 

7T J-l 

where g.t again denotes the partial derivative of g with respect to t. Since 
e' 1 (1 - etK(s)) (g. t (s, t)f < Wg(s, t) ■ B £ (s, t)Vg(s, t), 

we then calculate 

•1-)) /■! 



i-v r 1 4 
g (s, t) dtds < — T 



(g,tr(s,t)dtds 



<^(l + 0(s)) 

<i|(i + o( £ )) 



I—77 /•! 



(g,tf(s,t) (1 - stn{s))dtds 



-1 

/■1-77 

y y Vc?(s,i) • B e {s,t)Vg(s,t)dtds 



r(l + 0(e)) 



#(s, i) div B e (s, t)Vg(s, t) dtds 



so that 



< li(i + o( e ))|| 5 || i2M ||/ v || L2(0) , 



HfllU-M < S(i + 0( £ ))||MU^) = o(e 5 ). 



6.4. Proof of Lemma 16.41 

The domain £l v consists of two unconnected parts. We prove the result for just one of them, 
the part at the end 7(1). We assume without loss of generality that 

7(1) = and 7 ([1 - 2r), 1]) = {(x,0) £ K 2 : -2rj < x < 0} . 

Then the corresponding end of is a reduction by a factor e of the domain 

w„ := (-r?/£,0) x (-1, 1) U B(0, 1) 

which itself is a truncation of the set 

w := (-oo,0) x (-1,1)UB(0,1). 

The sets ui^ and u> are depicted in Figure |H 
We also set v v (x,y) := e^ 2 u ri (ex,ey), so that 
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(0,0) 

(a) The domain u) in Section 16.41 





1 








(0,0) 



(b) The domain u) n in Section 16.41 

Figure 4: 



The function tp^ :— v n — ip then satisfies 




and we have 



on du v \ {-T]/e} x (-1, 1), 
on duj v (~l {— r)/s} x (-1, 1), 



£ 4 / u v = I v v = I <p+ I Vv 



The first integral on the right-hand side is easily calculated: 

2 r> 3 

3 £ 16 

Since we are taking the limit e — > 0, in which the set lo^ converges to the set u>, we also define 
ip G C°° (lo) (~l C (uj) to be the unique solution of 

in w, 
on dtu, 




and the constant 

a := / V " + lV" (39) 

Note that by the maximum principle ||?/>||l°°( w ) < HV-'llL^dw) = 1/2- 

Applying Lemma [6.51 to the rectangle (2x, 0) x (—1,1) c w (with x < 0) we find the decay 
estimate 

\ip{x, y)\ < 2e~ x for all y e (-1, 1) and all x < 0. (40) 

This implies that 

/ \ip\ < 4e-"/ £ . 

This estimate also provides an estimate of ip — ip v . Note that ip = ip^ = on all of duj v with the 
exception of {— rj/e} x (—1, 1). Applying (|40|) to this latter set we find that 

\ip - tp n | < 2e" I,/£ on all of 
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and since ip ~ tyn is harmonic on oj n we conclude by the maximum principle that 

The statement of Lemma 16.41 then follows by remarking that 

2 , 3 



u n = -?ie- 3 + — Tre 4 + / ip + R, 



where the rest term R satisfies 



e- 4 |i?| = 


/ ^ - / ^ 


< [ Hr, 




J uj v J UJ 





< I \^-i>\+ [ H<2f^ + ?) 

J UJ-n J Uj\uJ v \ / 



+ x I e- r ' /£ + 2e- r >/ s . 



The only remaining assertion of the lemma is that a > 0. A finite-clement calculation provides 
the estimate 

a m 0.139917; 

here we only prove that a > 0. Define the harmonic comparison function 

ij}(x, y) = -0.112 • e™ 12 cos(7ry/2) + 0.0019 • e 37rx/2 cos(37ry/2) - 0.00008 • e 5nx/2 cos(57n//2) 
- 0.056 ■ e x cosy, 

for which we can calculate (partially by numerical approximation of the appropriate onc-dimcnsional 
integral) 

4> w -0.5875 > ^-tt. 

16 

We have ip > ip on duj, implying that 

a=^ + lj>^ + Jj>0. 
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